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INJECTIVE LINEAR SERIES ON ALGEBRAIC CURVES
EDOARDO BALLICO AND EMANUELE VENTURA
Abstract. Motivated by the question whether every smooth algebraic curve
admits an injective morphism to the projective plane, we study linear series
on some curves inducing such injections. Cuspidal projections to the plane are
instances of these morphisms. We analyze cuspidal projections of curves on
irreducible quadrics in P3.
1. Introduction
Let k be an algebraically closed field. Let X be a genus g complete smooth
curve over k, i.e., an integral scheme of dimension one, smooth and proper over
k. Every such X is a projective curve, X ⊂ Pnk . Moreover, it is a classical fact
that there exists an embedding ϕ : X → P3k, independently of the characteristic
of k. Weakening the assumptions on the morphism, one could ask for ϕ to be a
morphism separating points but not necessarily tangent directions, i.e., to be only
an injective morphism on X . Motivated by the study of regular maps [2] in the
case of smooth curves, Micha lek posed the following problem [8]:
Question 1.1. For any X as above, does there exist an injective morphism ϕ :
X → P2k?
The curve ϕ(X) is an integral plane curve possibly with only cuspidal singularities.
The map ϕ : X −→ ϕ(X) is a closed bijection and so a homeomorphism in Zariski
topology. Note that cuspidal projections of curves to the projective plane are
instances of these morphisms.
Although Question 1.1 is natural in the context of classical theory of algebraic
curves, we could not find an extensive literature around it. Motivated by this in-
teresting question, the aim of this note is to study base-point free (not necessarily
complete) two-dimensional linear series g2d on some smooth algebraic curves X in-
ducing separable and injective morphisms to P2; we call these linear series injective.
We propose the following conjecture:
Conjecture 1.2. For large g, a very general smooth curve of genus g has no
injective g2d.
We spell out the meaning of “very general” in the statement of Conjecture 1.2.
Let Y be an integral quasi-projective variety. Fix a property ℘ that a point p ∈ Y
may satisfy. We say that ℘ is true for a very general point of Y if the set of all
p ∈ Y for which p fails ℘ is contained in a countable family of proper subvarieties of
Y . In Conjecture 1.2, the generality is applied to the moduli schemeMg (g ≥ 2) of
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all smooth curves of genus g (over some fixed algebraically closed field). We guess
that more should be true: for large g and for every positive integer d, the set of all
X ∈Mg with an injective g2d sits inside a proper subvariety of Mg.
We now clarify the meaning of “large g” in the statement of Conjecture 1.2:
this refers to the existence of an integer g0(k) (depending on the fixed algebraically
closed ground field k) such that, for all g ≥ g0(k), a very general curve of genus g
has no injective linear series g2d.
We believe it would be interesting to have partial results on Conjecture 1.2, for
non-complete g2d, i.e., for g
2
d inducing a non-degenerate injective map ψ : X −→
Pn, n > 2, composed with a linear projection. This is the set-up of Piene [10] and
Sacchiero [11], except that they require ψ to be an embedding. Furthermore, we
ask the following
Question 1.3. Let X be a smooth curve of genus g. Are there infinitely many
integers d such that X has injective g2d?
Even if Conjecture 1.2 fails, we ask whether, for all sufficiently large g, there
exists anX ∈ Mg with no injective g2d. In such a case, one may still wonder whether,
for infinitely many genera g, a very general curve of genus g has no injective g2d.
Most of our results arise from looking at the quadricQ = P1×P1 with hyperplane
section OQ(1) = OP1(1) ⊠ OP1(1). Let X be a smooth projective curve of genus
g. By the universal property of the fibered product of schemes, giving a morphism
f : X −→ P1×P1 is equivalent to prescribing two morphisms ui : X −→ P1, i = 1, 2,
i.e., two base-point free linear series g1d1 and g
1
d2
, where d1 = deg u
∗
1(OP1(1)) and
d2 = deg u
∗
2(OP1(1)). (Here we assume d1, d2 6= 0, as otherwise f(X) is contained
in a line of P3.) The morphism f is birational onto its image if and only if there
is no 4-tuple (D,h, v1, v2), where D is a smooth projective curve, h : X −→ D is
a finite morphism with deg(h) > 1, vi : D −→ P1, i = 1, 2, are morphisms and
ui = vi ◦ h, i = 1, 2. In classical terminology, f is birational onto its image if and
only if g1d1 and g
1
d2
are not composed with the same involution. The pair (d1, d2) is
defined to be the bidegree of f .
Question 1.4. For which (X, d1, d2), is there an f of bidegree (d1, d2) that is
injective and separable? For which X, are there infinitely many (d1, d2) such that
there is an injective and separable f? For which pair (X, d1), with d1 > 1, are
there infinitely many integers d2, such that there exists an injective and separable
f : X −→ P1 × P1 of bidegree (d1, d2)?
Results and structure of the paper. In §2 and §3, we study injective linear
series of hyperelliptic curves of arbitrary genus g. Although the classical definition of
hyperelliptic curves gives already a cuspidal model in projective plane, our analysis
of linear series is performed in view of Question 1.1: our aim is to achieve a more
systematic approach to this problem. We explicitly describe 2g + 2 families of
∞1-many injective linear series g2g+3, see Theorem 2.1. In Remark 2.2, we notice
that these injective linear series exist in any characteristic. Proposition 3.1 gives a
description of injective linear series of degree g + 2.
As cuspidal projections are injective morphisms, in §4 we turn our attention to
them. Here we describe cuspidal projections of smooth curves lying on a smooth
quadric or on a quadric cone in P3; see Proposition 4.3 and Proposition 4.7. It is
also noteworthy that a line of research connected to cuspidal projections of curves
has been devoted to giving upper bounds on cuspidal curves lying on an algebraic
3variety. Interestingly, Tono [13] and Moe [9] provided bounds on the number of
cuspidal curves on the plane and on an arbitrary Hirzebruch surface, respectively.
2. Linear series on hyperelliptic curves
From the classical analytic definition of hyperelliptic curves, i.e., as the Riemann
surface of the algebraic function y =
√
(x − a1) · · · (x − a2g+2) [1], it is clear that
they admit a cuspidal model in P2 (the cuspidal point being at infinity). Neverthe-
less, in view of Question 1.1, we are interested in looking for structural properties
of linear series that induce injections to the projective plane.
Theorem 2.1. Let X be a smooth hyperelliptic curve of genus g ≥ 2 over a field
k with char(k) = 0. Then there is a base-point free g2g+3 inducing an injective
morphism ϕ : X −→ P2. The image f(X) has exactly two singular points: one
ordinary cusp and one unibranch singularity. Moreover, X has ∞1-many such
g2g+3, each of them being a sublinear series of a different complete and very ample
g3g+3; X has 2g + 2 such one-dimensional families of g
2
g+3 and g
3
g+3.
Proof. Let W be the set of Weierstrass points of X , i.e., the support of the ramifi-
cation divisor of the 2 : 1 cover u2 : X → P1, induced by the linear series g12 on X .
(This exists on X , as it is hyperelliptic.)
Fix a point o ∈ W . Then o ∈ W if and only if 2o ∈ g12 by definition of ramification
divisor. Thus 2 = h0(g12) = h
0(OX(2o)). For each p ∈ X \ W , set Np := OX(2o+
(g + 1)p).
Claim 1: For a general p ∈ X \ W , we have h0(OX(gp)) = 1, h0(OX(g +
1)p)) = 2 and h0(Np) = 4
Proof of Claim 1: By Riemann-Roch, we have h0(OX(gp)) = 1+h1(OX(gp)),
h0(OX(g + 1)p)) = 2 + h1(OX((g + 1)p)) and h0(Np) = 4 + h1(Np). Notice that
h1(OX(2o + (g + 1)p)) ≤ h1(OX((g + 1)p)) ≤ h1(OX(gp)). Hence, in order to
finish the proof of Claim 1, it is sufficient to prove that h1(OX(gp)) = 0. Indeed,
under this assumption, as char(k) = 0, for any invertible sheaf N on X and for a
general p ∈ X , one has h0(N (−tp)) = max{0, h0(N ) − t}, for any positive integer
t. Letting N = ωX and t = g, we obtain h0(ωX(−gp)) = 0. Finally, Serre duality
gives h1(OX(gp)) = 0.
Claim 2: For a general p ∈ X , Np is very ample.
Proof of Claim 2: The base locus of |OX((g +1)p)| is contained in {p}. Since
h0(OX(gp)) < h0(OX((g + 1)p)) by Claim 1, it follows that p is not a base point
of |OX((g + 1)p)|, as subtracting a base point from a divisor does not decrease
dimension of global sections. Thus OX((g+1)p) is base-point free and so its linear
series |OX((g + 1)p)| defines a degree g + 1 morphism u1 : X −→ P1. As above,
denote u2 : X −→ P1 the degree 2 cover of P1 induced by g12 on X . The pair
(u1, u2) induces a morphism w : X −→ P1 × P1. Now since u2 is a degree 2 cover,
either w is birational onto its image or it factors through u2. The latter case is not
possible, because u1 cannot factor through u2. Indeed, for the sake of contradiction,
assume that u1 factors through u2. Then OX((g+1)p) would be isomorphic to the
invertible sheaf (g12)
⊗(g+1)/2. Since the dimension of the linear series of the latter is
(g+1) and g ≥ 2, this isomorphism implies h0(OX((g+1)p)) > 2, which contradicts
Claim 1 above. Hence w is birational onto its image.
Recall that the canonical sheaf of P1 × P1 is ωP1×P1 ∼= OP1×P1(−2,−2). For
D ∈ |OP1×P1(2, g + 1)|, by adjunction, ωD ∼= ωP1×P1 ⊗ OP1×P1(2, g + 1). (For
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singular D, replace ωD with the dualizing sheaf ω
◦
D and every later statement holds
as well.) This implies that the arithmetic genus of each D ∈ |OP1×P1(2, g + 1)| is
pa(D) = g.
Since w is birational onto its image, w(X) has bidegree (2, g+1) and so w(X) ∈
|OP1×P1(2, g + 1)|. Since w(X) has arithmetic genus g, the morphism w is an
embedding.
The linear series |OP1×P1(1, 1)| embeds P1 × P1 as a quadric surface in P3. Call
f the composition of w and the inclusion P1 × P1 →֒ P3. By construction, f is the
map induced by |Np|; hence Np is very ample.
Take a very ample divisor of the formNp with associated embedding f : X −→ P3
and, as in the proof of Claim 2, regard f(X) ⊂ P1 × P1 as a divisor of bidegree
(2, g+1) on the quadric surface P1×P1. Let q ∈ P1×P1 be the point (u1(p), u2(o)).
For a general p, we may assume u1(p) 6= u2(o). With this assumption, we claim
the following.
Claim 3: We have q /∈ f(X).
Proof of Claim 3: Assume q ∈ f(X). The line L1 := P1 × {u2(o)} is tangent
to f(X) at f(o) because it intersects f(X) at f(o) with multiplicity two. The line
L2 := {u1(p)} × P1 is tangent to f(X) at u2(p), because it intersects f(X) at f(p)
with multiplicity g + 1. Since L1, L2 are lines in a different ruling of the quadric
surface P1 × P1, L1 6= L2 and L1 ∩ L2 is a single point. Note that {q} = L1 ∩ L2.
Since f(X) is smooth at q, it has a unique tangent line at q. Thus L1 = L2, which
is a contradiction.
Let πq : P3 \ {q} −→ P2 denote the linear projection from q. Since q /∈ f(X),
πq|f(X) induces a morphism ϕ : X −→ P
2. Since deg(u2) = 2 and u1 does not factor
through u2, ϕ is birational onto its image. To conclude the proof of the proposition
it is sufficient to prove the following claim.
Claim 4: The morphism ϕ is injective, o and p are the only ramification
points of ϕ, and ϕ(o) is an ordinary cusp of ϕ(X).
Proof of Claim 4: Since f is an embedding and ϕ is induced by the linear
projection from q ∈ P1 × P1 \ f(X), it is sufficient to prove that |L ∩ f(X)| ≤
1 for each line L ⊂ P3 containing q. Fix a line L ⊂ P3 such that q ∈ L and
deg(f(X) ∩ L) ≥ 2. Since q /∈ f(X) and f(X) ⊂ P1 × P1, Be´zout’s theorem gives
L ⊂ P1 × P1. Thus L is one of the two lines of the smooth quadric P1 × P1 passing
through q. One of these lines meet f(X) only at f(o) (with multiplicity two),
whereas the other one meets f(X) only at f(p) (with multiplicity g + 1). In both
cases, the set-theoretic intersection L ∩ f(X) consists only of one point. Thus ϕ
is injective. Moreover, by the discussion above, o and p are the only ramification
points. Since ϕ−1(o) is a curvilinear double point, f(o) is a double point with one
branch and so an ordinary cusp.
In conclusion, X has ∞1-many g2g+3 base-point free linear series, corresponding
to the morphism ϕ : X → P2, as p varies in X \W . (The degree of the linear series
is indeed g + 3, as ϕ is an injective morphism.) They sit inside a very ample g3g+3,
given by Np. Again, there are ∞1-many of such, as p varies in X \ W . Moreover,
X has 2g + 2 such one-dimensional families of g2g+3 and g
3
g+3, given by the choice
o ∈ W . 
Let σ : X −→ X be the hyperelliptic involution and let R ∈ Pic2(X) be the
hyperelliptic divisor of degree two, i.e., g12 = |R| = {a+ σ(a)}a∈X .
5Remark 2.2 (Arbitrary characteristic). We summarize the ingredients pro-
viding a similar proof of Theorem 2.1 in arbitrary characteristic. Unless otherwise
stated, the statements used in the proof are valid for any algebraically closed field
k and any char(k).
Assume k to be algebraically closed and char(k) = 2. Then 1 ≤ deg(W) ≤ g+1,
where each integer in this interval may occur for some hyperelliptic curve of genus
g (see, e.g., [7, 7.4.24], [12, §6.2]). In particular, in any characteristic, there is at
least one ramification point.
Independently of char(k), we show that if p ∈ X \ W , then h1(OX(gp)) = 0.
Since X is hyperelliptic, the canonical map η : X −→ Pg−1 has as its image the
degree g − 1 rational normal curve and its fibers are the elements of |R|. Thus we
have the following recipe to see if an effective divisor D on X is special. Let D′ ⊃ D
be the following effective divisor: for each o ∈ W , letmo denote the multiplicity of o
inW ; the multiplicity of o ∈ D′ is the minimal even integer ≥ mo. If a ∈ X \W and
m1,m2 ∈ N are the multiplicities of a and σ(a) in D, then both a and σ(a) appears
in D′ with multiplicity max{m1,m2}. By construction, D′ has even degree and
it is the minimal divisor containing η−1(η(D)), where, given D =
∑
mipi, we set
η(D) :=
∑
miη(p1). Let k := deg(D
′)/2. Note that D′ ∈ |R⊗k|. By Serre duality
H1(D) ∼= H0(KX⊗D
∨)∨ and the latter is isomorphic to H0(R⊗(g−1)⊗D∨). Hence
h1(D) > 0 if and only if k ≤ g − 1. In particular, let p ∈ X \W and D = OX(gp).
Hence D′ = OX(gp+ gσ(p)) and so deg(D′) = 2g. Thus h1(OX(gp)) = 0.
Remark 2.3. Take f(X) as in the proof of Proposition 2.1. Call S the set of all
q ∈ P3\f(X) such that the linear projection πq : P3\{q} −→ P2 induces an injective
map ϕq : f(X) −→ P2. Call Q the quadric surface containing f(X) as an element
of |OQ(2, g + 1)|.
(i) We describe the set S ∩ Q. Fix q = (q1, q2) ∈ Q \ f(X) and set L1 :=
P1 × {q2} ∈ |OQ(0, 1)| and L2 := {q1} × P1 ∈ |OQ(1, 0)|. Let L ⊂ P3 be a line
such that q ∈ L and deg(L ∩ f(X)) ≥ 2. Since q /∈ f(X), Be´zout’s theorem gives
L ⊂ Q. Hence L ∈ {L1, L2}. Thus q ∈ S if and only if both L1 and L2 contain
a unique point of f(X). By definition of f , given in the proof of Proposition 2.1,
L1 meets f(X) at a unique point, a1, if and only if a1 = f(p1) for some p1 ∈ W .
Recall that h0(OX((g + 1)p)) = 2, w = (u1, u2) where u1 is induced by the linear
series |OX((g + 1)p))|. By definition of f given in the proof of Proposition 2.1, L2
meets f(X) at a unique point, a2, if and only if a2 = f(p2) for some p2 ∈ X such
that OX((g+1)p2) ∼= OX((g+1)p). The number of these points may depend on g,
X and p. However, there is at least one such pair of points (p1, p2) ∈ X ×X , i.e.,
the pair (o, p) (W 6= ∅ in any characteristic).
(ii) Fix q /∈ Q and take a line L such that q ∈ L and deg(L ∩ f(X)) ≥ 2.
Since q /∈ Q, we have L * Q. Thus deg(L ∩ f(X)) = 2, by Be´zout’s theorem.
In particular, each line L through q which is tangent to f(X), say at a point q′,
has order of vanishing two with f(X) at q′, and L ∩ (f(X) \ {q′}) = ∅. Thus
any unibranch point of πq(f(X)) is an ordinary cusp. If the degree g + 3 curve
πq(f(X)) is unibranch, then it has (g + 2)(g + 1)/2− g cusps. Tono [13, Theorem
1.1] showed that a cuspidal plane curve has at most (21g+17)/2 cusps. Thus, since
(g + 2)(g + 1)/2− g > (21g + 17)/2 for g ≫ 0, one has S ⊂ Q for g ≫ 0.
Remark 2.4. Let X be a hyperelliptic curve of genus g ≥ 3. Take any non-special
and base-point free N ∈ Picg+3(X) inducing an injective map ϕ : X −→ P3. Since
N is non-special, by definition h1(N) = 0. Thus Riemann-Roch gives h0(N) = 4.
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Claim 1: Either ϕ is an embedding and its image ϕ(X) is contained in
a smooth quadric Q as a divisor of bidegree (2, g + 1) or (g + 1, 2), or ϕ(X) is
contained in a quadric cone.
Proof of Claim 1: Set M := N ⊗ R∨ ∈ Picg+1(X). Fix a ∈ X . Since
h0(N) = 4, we have h0(N(−a− σ(a))) ≥ 2 and so h0(M) ≥ 2. Since ϕ is injective,
we have ϕ(a) 6= ϕ(σ(a)) for a ∈ X \W . Thus h0(M) = h0(N)− 2 = 2.
Since deg(M) = g + 1, and h0(M) = 2, Riemann-Roch implies that M is non-
special.
Assume that M has a base point, say b ∈ X . Since h0(M(−b)) = 2 and
deg(M(−b)) = g, M(−b) is a special, with h0(M(−b)) = 2. Thus |M(−b)| = R⊗E
for a fixed effective divisor E with deg(E) = g − 2 > 0. Note that M ∼= R(E + b).
Since by definitionM = N⊗R∨, tensoring by R both sides yields N ∼= R⊗2(E+b).
Note that the divisor E is a fixed component for the linear series associated
to N(−b). Indeed, this holds if and only if h0(N(−b − E)) = h0(N(−b)). More-
over, N(−b − E) ∼= R⊗2 and so h0(N(−b − E)) = h0(R⊗2) = 3. Furthermore,
h0(N(−b)) = 3 = h0(N) − 1, as N is base-point free. Since N(−b − E) is base-
point free and h0(N(−b − E)) = 3, this induces a map from X to P2, which
factor through ϕ (the morphism induced by N). More precisely, N(−b − E) in-
duces πϕ(b) ◦ ϕ : X → P2, where πϕ(b) is the the linear projection with center the
point ϕ(b). On the other hand, R⊗2 has deg(R⊗2) = 4 and induces a 2 : 1 cover
X → P1 ⊂ P2, where P1 ⊂ P2 is a smooth conic. As ϕ is injective, πϕ(b) is a 2 : 1
cover of a smooth conic. This is possible only if ϕ(X) is contained in a quadric
cone such that ϕ(b) is a vertex.
The map πϕ(b) ◦ ϕ sends all the points in the support Supp(E) of E to ϕ(b)
(because E is a fixed component of N(−b)) and since ϕ is injective, Supp(E) ⊆ {b}.
Since deg(E) = g − 2, then E = (g − 2)b. Hence N = R⊗2 ⊗OX((g − 1)b).
Conversely for a general b ∈ X , the linear series |R⊗2((g − 1)b)| is non-special
by Remark 2.2 and gives an injective map with image contained in a quadric cone.
Suppose M is base-point free and call ψ : X −→ P1 the morphism induced by
|M |. Since M is base-point free, h0(M(−b)) = h0(M) − 1 = 1 for every b ∈ X .
Then Riemann-Roch gives h1(M(−b)) = 0 for every b ∈ X . As in the proof of
Proposition 2.1, we see that N induces an embedding with image contained in a
smooth quadric Q as a divisor of bidegree (2, g + 1) or (g + 1, 2).
Claim 2: Assume ϕ(X) is contained in a quadric cone. Then ϕ is an embed-
ding if and only if g = 2.
Proof of Claim 2: Recall that in this case M = N ⊗R∨ has b as base point.
Suppose g = 2, then deg(N) = g+3 = 2g+1 and so N is very ample, and hence
an embedding. Suppose g > 2, then E = (g − 2)b is non-zero. Recall that E is
the fixed component of N(−b). Hence h0(N(−b)) = h0(N(−2b)). Thus ϕ is not an
embedding, as N does not divide tangent directions, i.e., the differential of ϕ is not
injective at b. (Note that for g = 2, ϕ(X) has degree 5 [4, V, Ex. 2.9].)
Assume g ≥ 3 and that ϕ(X) is contained in a quadric cone C with vertex
v = ϕ(b) and take q ∈ C \ ϕ(X). Here we check that the linear projection from q
does not induce an injective map X −→ P2. Call Rq the unique line on C containing
q. By Be´zout’s theorem, for each line L containing q and with deg(L ∩ ϕ(X)) ≥
2, we have L ⊂ C. Recall that v = ϕ(b) is the vertex of C. Since the vertex
ϕ(b) ∈ ϕ(X), the projection πq of ϕ(X) from q is a cuspidal projection if and only
if Rq ∩ ϕ(X) = {ϕ(b)} set-theoretically.
7We show this is not the case. The linear projection πv of ϕ(X) from v is a 2 : 1
morphism (away from v ∈ ϕ(X)), whose image is a smooth conic, i.e., the base of
the cone C. Thus the ramification points of πv are the images of the Weierstrass
points ϕ(W), the image of the ramification points of the covering map induced by
R. However, since b /∈ W , the point ϕ(b) is not a ramification point. Thus Rq
cannot intersect ϕ(X) only at ϕ(b), i.e., πq is not a cuspidal projection.
3. Linear series of degree g + 2 on hyperelliptic curves
Recall that σ : X −→ X denotes the hyperelliptic involution and R ∈ Pic2(X) is
the hyperelliptic divisor of degree two, i.e., g12 = |R| = {a + σ(a)}a∈X . With this
notation, we are ready to prove the next result.
Proposition 3.1. Let X be a hyperelliptic curve of genus g ≥ 3. There is an
injective morphism f : X −→ P2 with deg(f(X)) = g + 2 and each such map f is
induced by a complete linear series |N | with h1(N) = 0 and N ∼= R(gp) with p ∈ X
such that h1(OX(gp)) = 0 (e.g., with p general in X).
Proof. Since every special base-point free linear series on X is composed with the
g12, each injective morphism X −→ P
2 must be induced by a non-special base-point
free linear series g2d. By Riemann-Roch this linear series is complete if and only if
d = g + 2, whereas if d > g + 2 this g2d is a linear subspace of a base-point free and
non-special complete gd−gd .
Claim 1: For every N ∈ Picg+2(X), g ≥ 3, with h1(N) = 0 and N base-point
free there is a degree g effective divisor B with N ∼= R(B) and h1(B) = 0.
Proof of Claim 1: Fix a ∈ X . Since every degree two effective divisor of
X is contained in a prescribed g2k, there is a degree g effective divisor B such
that a + σ(a) + B ∈ |N |. Note that a+ σ(a) ∈ g12 . Hence h
0(N ⊗ R∨) > 0. Take
B ∈ |N⊗R∨|. If h1(B) > 0, then B is special and so B = R⊗N ′, where N ′ is some
effective divisor of degree g − 2. Thus N ∼= R⊗2 ⊗N ′. Since deg(N ′) = g − 2 > 0,
and h0(R⊗2) = 3 = h0(N), every point in the support of a divisor of N ′ is a base
point of N , a contradiction.
Thus, so far we have shown that N ∼= R(B) for some effective divisor B with
deg(B) = g and h1(B) = 0. Since by assumption R⊗B induces a map to P2, it is
base-point free. Note that R(B) is base-point free if and only if h0(R(B − p)) = 2
for each p in the support of B; indeed, since R is base-point free, the base locus
of R(B) has to be contained in the support of B. Moreover, since by assumption
N induces an injective morphism and h0(R(B − p)) = 2 = h0(R), |R(B)| maps all
the points in the support of B to the same point of P2. Therefore B = gp for some
p ∈ X (and such that h1(OX(gp)) = 0).
Conversely, assume h1(OX(gp)) = 0 and set N := R(gp). Call ϕ : X −→ P2
the morphism induced by the non-special and base-point free linear series |N |. We
claim that ϕ is injective. Fix a, b ∈ X with a 6= b. First assume ϕ(a) = ϕ(p). Thus
|R(gp− a)| = |R((g− 1)p)|, with h0(R(g− 1)p) = 2 = h0(R). Hence (g− 1)p is the
base locus of R((g − 1)p) and so of R(gp− a). This implies a = p.
Now assume a 6= p and b 6= p. Since ϕ(a) = ϕ(b), by definition b is a base point of
|R(gp−a)|. Thus |R(gp−a)| = {b+E}E∈|R(gp−a−b)|. Since deg(R(gp−a− b)) = g
and h0(R(gp− a− b)) = 2, by Riemann-Roch we obtain h1(R(gp− a− b)) > 0 and
hence R(gp − a − b) is a special divisor. Thus R(gp − a − b) = R ⊗ F , for some
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effective degree g − 2 divisor F on X . So gp− a− b is an effective divisor. This is
possible if and only if a = b = p, which is a contradiction. 
4. Quadrics and cuspidal projections
Proposition 4.1. Let Q ⊂ P3 be a smooth quadric surface. Fix integers 1 ≤
d1 ≤ d2 such that d2 ≥ 2. Let Y be an integral element of |OQ(d1, d2)| with only
unibranch singularities and let ϕ : X −→ Y be its normalization. Take q ∈ Q \ Y
and let L ∈ |OQ(1, 0)| and L′ ∈ |OQ(0, 1)| be the unique lines of Q through q. The
linear projection from q induces an injective map πq : Y −→ P2 (and hence an
injective map η = πq ◦ϕ : X −→ P2) if and only if each L and L′ contains a unique
point of Y . Moreover, the morphisms πq and η are separable.
Proof. Notice that πq is a morphism, because q /∈ Y . Since ϕ is bijective and
separable, and an isomorphism outside finitely many points of X , πq is injective
(resp., separable) if and only if η has the same property. If η is injective then
|L∩Y | = |L′∩Y | = 1. To show the converse, it is sufficient to prove that |L′′∩Y | = 1
for each line L′′ ⊂ P3 such that q ∈ L′′ and L′′ /∈ {L,L′}.
Now we explain why πq and η are separable morphisms. As mentioned above,
η is separable if and only if πq is separable. Separability must be checked only
if char(k) > 0, as it is immediate in characteristic zero. Fix p ∈ Yreg such that
p /∈ L ∪ L′; call Lp ⊂ P3 the line spanned by {q, p}. Since p /∈ L ∪ L′, we have
Lp /∈ {L,L′} and hence deg(Lp∩Q) = 2. Thus the differential of η at p is injective.
This shows that the differential is generically injective, and so η is separable. 
Remark 4.2. The proof of Proposition 4.1 shows that if d1 > 1 there are only
finitely many cuspidal projections. (Note that if (d1, d2) 6= (2, 2), having at least
one cuspidal projection is a closed condition on the smooth curves of bidegree
(d1, d2).) For curves of bidegree (1, d2), which are smooth and rational, if there is
a cuspidal projection from a point o, then any point on Q \ Y and on the line of
bidegree (1, 0) containing o induces a cuspidal projection.
For char(k) = 0, the proof of the following proposition may be simplified using
Bertini’s theorem [4, II, Theorem 8.18].
Proposition 4.3. Fix integers d2 ≥ d1 > 0, a smooth quadric Q ⊂ P3, lines
L ∈ |OQ(1, 0)|, L′ ∈ |OQ(0, 1)| and set {q} := L ∩ L′. Fix o ∈ L \ {q} and
o′ ∈ L′ \ {q}. Let Z (resp. Z ′) be the divisor d2 · o = o + · · · + o ⊂ L (resp.,
d1 · o′ ⊂ L′) regarded as a degree d2 (resp., degree d1) zero-dimensional scheme.
Then there is a smooth divisor Y ∈ |OQ(d1, d2)| such that Y ∩L = Z and Y ∩L′ = Z ′
(set-theoretically, they intersect at a unique point).
Proof. Since h1(OQ(d1 − 1, d2 − 1)) = 0, from the residual exact sequence
0 −→ OQ(d1 − 1, d2 − 1) −→ IZ∪Z′ (d1, d2) −→ IZ∪Z′,L∪L′(d1, d2) −→ 0,
upon taking global sections, it follows h0(IZ∪Z′(d1, d2)) = h0(OQ(d1, d2)) − d1 −
d2 = d1d2 + 1. Similarly, one can directly check that h
0(IZ′(d1 − 1, d2)) = d1(d2 +
1)− d1, and h0(IZ(d1, d2 − 1)) = (d1 + 1)d2 − d2. (This is the stabilization of the
Hilbert function to the Hilbert polynomial.) It is sufficient to prove that a general
Y ∈ |IZ∪Z′(d1, d2)| is smooth. Since h0(IZ′(d1 − 1, d2)) = d1(d2 + 1) − d1 and
h0(IZ(d1, d2 − 1)) = (d1 + 1)d2 − d2, neither L nor L′ is an irreducible component
of Y , by dimensional count.
9First, assume d1 > 1. Since |IZ∪Z′(d1, d2)| contains all curves of the form
F ∪ L ∪ L′, where F ∈ |OQ(d1 − 1, d2 − 1)|, and OQ(d1 − 1, d2 − 1) is very ample,
the linear series |IZ∪Z′ (d1, d2)| separates points and tangent vectors of Q\ (L∪L′),
i.e., it induces an embedding ψ : Q \ (L∪L′) −→ Pd1d2 . For any point p ∈ Q, let 2p
denote the degree 3 zero-dimensional subscheme of Q whose ideal sheaf is (Ip,Q)
2.
Since |IZ∪Z′(d1, d2)| is irreducible, its general element is smooth outside the locus
L∪L′. Therefore, in order to establish the proposition, it is sufficient to prove the
following statements:
(i) h0(IZ∪Z′∪2o(d1, d2)) ≤ d1d2;
(ii) h0(IZ∪Z′∪2o′(d1, d2)) ≤ d1d2;
(iii) h0(IZ∪Z′∪2q(d1, d2)) ≤ d1d2;
(iv) for each m ∈ L \ {q, o} we have h0(IZ∪Z′∪2m(d1, d2)) ≤ d1d2 − 1;
(v) for each m′ ∈ L′ \ {q, o′} we have h0(IZ∪Z′∪2m′(d1, d2)) ≤ d1d2 − 1.
To show (i) and (ii), fix F ∈ |OQ(d1 − 1, d2 − 1)| such that o /∈ F and o′ /∈ F .
Notice that F ∪ L ∪ L′ ∈ |IZ∪Z′(d1, d2)|. Since L ∩ Z ∪ Z ′ ∪ 2o has degree d2 + 1,
h0(IZ∪Z′∪2o(d1, d2)) = h
0(IZ∪Z′(d1, d2 − 1), as every global section in IZ∪Z′∪2o
contains L. Similarly for L′ with o′. Now, h0(IZ∪Z′ (d1, d2 − 1), h0(IZ∪Z′ (d1 −
1, d2) ≤ d1d2 and so (i) and (ii) are proven.
To show (iii), let G ∈ |IZ∪Z′∪2q(d1, d2)|. Since deg(L ∩Z ∪Z ′ ∪ 2q) = d1 + 2, L
is a component of G. Since deg(L′ ∩Z ∪Z ′ ∪ 2q) = d1 +2, L′ is a component of G.
Thus h0(IZ∪Z′∪2q(d1, d2)) = h0(OQ(d1 − 1, d2 − 1)) = d1d2.
For (iv), fix m ∈ L \ {q, o}. Since (Z ∪ Z ′ ∪ 2m) ∩ L is the union of Z and the
degree two effective divisor of L with m as its support, we have ResL(2m∪Z∪Z ′) =
{m} ∪ Z ′. Thus we have the following residual exact sequence of L in Q:
(1) 0 −→ IZ′∪{m}(d1 − 1, d2) −→ IZ∪Z′∪2m(d1, d2) −→ I(Z∪2m)∩L,L(d1, d2) −→ 0
Since deg(Z∪2m)∩L) = d2+2, we have h0(L, I(Z∪2m)∩L,L(d1, d2)) = 0. Thus, tak-
ing global sections, the exact sequence of sheaves (1) gives h0(IZ∪Z′∪2m(d1, d2)) =
h0(IZ′∪{m}(d1 − 1, d2)) = d1(d2 + 1) − d1 − 1. Similarly, (v) is derived using the
residual exact sequence of L′.
Now assume d1 = 1. Take any Y ∈ |OQ(1, d2)| and assume that Y has a
singular point z ∈ Y . Let Rz be the element of |OQ(1, 0)| passing through z. Since
Y is singular at z and d1 = 1, Be´zout’s theorem gives Y = Rz ∪ G, for some
G ∈ |OQ(0, d2)|. If Y ∈ |IZ∪Z′(1, d2)| and Rz ∩ {o, o
′} = ∅ (this condition holds
for a general Y ), we obtain G ∈ |IZ∪Z′(0, d2)|. Notice that h0(IZ∪Z′(0, d2)) ≤ d2.
Thus a general Y ∈ |IZ∪Z′(1, d2)| is smooth outside {o, o′}. As it was shown for (i)
and (ii), one verifies that the general Y is smooth at o and o′. 
Remark 4.4. Let d1 = 1, d2 = d − 1 ≥ 2 and Y be a smooth rational curve. By
Proposition 4.1 and Proposition 4.3, we obtain that for each integer d ≥ 3 there
is a smooth rational curve Y ⊂ P3 with deg(Y ) = d and admitting ∞1 cuspidal
projections to P2. Compare this observation with the statement [10, (a) of Remark,
p. 102] saying that, for d ≥ 5, no smooth degree d rational curve has a cuspidal
projection with as its image a plane curve with only ordinary cusps.
We now establish Proposition 4.1 and Proposition 4.3 for a quadric cone in P3.
Proposition 4.5. Let C ⊂ P3 be a quadric cone with vertex v. Fix an integer
d ≥ 2. Let Y ∈ |OY (d)| be an integral curve with only unibranch singularities and
let ϕ : X −→ Y be its normalization. Fix q ∈ C \ Y with q 6= v and let Rq be the
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line of C containing q. The linear projection from q induces a cuspidal projection
of Y (and hence of X taking the composition with the injective map ϕ) if and only
if |Rq ∩ Y | = 1.
Proof. Take a line L ⊂ P3 such that q ∈ L with deg(Y ∩L) ≥ 2. Since q ∈ C \Y , we
have deg(L ∩ C) ≥ 3. Thus L ⊂ C, by Be´zout’s theorem. Since q ∈ L, L = Rq. 
Proposition 4.6. Let C ⊂ P3 be a quadric cone with vertex v. Fix an integer d ≥ 2
and q ∈ C \ {v}. Let Rq ⊂ C be the line spanned by {v, q}. Then there is a smooth
divisor Y ∈ |OC(d)| such that v /∈ Y , q /∈ Y and Rq meets Y at a unique point.
Proof. Fix p ∈ Rq \ {v}. Let Z = d · p be the effective divisor of degree d of Rq
supported at p ∈ C, regarded as a zero-dimensional subscheme of C. It is sufficient
to prove that a general element of |IZ(d)| is smooth and it does not contain the
vertex v.
Let η : F2 −→ C be the minimal desingularization of C; here F2 denotes an
Hirzebruch surface: this is the projective bundle P(OP1 ⊕ OP1(2)). Thus we have
a projection map π : F2 −→ P1 and a section H := η−1(v) with self-intersection
H2 = −2; see the construction in [4, V, Example 2.11.4]. Its Picard group Pic(F2)
is freely generated by the Cartier divisors H and a fiber F of π, with F ·H = 1 and
F 2 = 0, by [4, V, Prop. 2.3].
The linear series |OF2(H + 2F )| is base-point free, induces η and indeed con-
tracts H to a point. Hence η∗(OC(d)) = OF2(dH + 2dF ), for every d ≥ 1. In fact,
η∗(H0(OC(d))) = H0(OF2(dH+2dF )). Indeed, since C is a quadric and it is projec-
tively normal, one has h0(OC(d)) = h0(OP3(d))−h
0(OP3(d−2)) = (d+1)
2. On the
other hand, note that π∗OF2(dH) ∼= Sym
d(OP1 ⊕ OP1(−2)) ∼=
⊕d
i=0OP1(−2i) [4,
III, Ex. 8.4]. As F is a fiber of π over P1, OF2(F ) ∼= π
∗(OP1(1)). The projection for-
mula [4, II, Ex. 5.1] gives the isomorphism π∗(OF2(dH+2dF ))
∼= ⊕di=0OP1(2d−2i).
Now, the dimension of the space of global sections of the latter coincides with
h0(OC(d)). Thus η∗(H0(OC(d))) = H0(OF2(dH + 2dF )).
Since p 6= v, the scheme A := η−1(Z) is a degree d zero-dimensional scheme
and h0(C, IZ(d)) = h0(F2, IA(dH + 2dF )). Therefore, to prove the statement it is
sufficient to prove that a general W ∈ |IA(dH + 2dF )| is smooth and H ∩W = ∅.
Let RA ∈ |OF2(F )| denote the element containing A (i.e., it is the strict trans-
form of Rq). The residual exact sequence of RA in F2 gives the exact sequence
(2) 0 −→ OF2(dH + (2d− 1)F ) −→ IA(dH + 2dF ) −→ IA,RA(dH + 2dF ) −→ 0.
With analogous computations as above, we have π∗(OF2(dH + (2d − 1)F )) ∼=
⊕di=0OP1(2d−1−2i) and R
1π∗(OF2(dH+(2d−1)F )) = 0 [4, III, Ex. 8.4]. The Leray
spectral sequence [3, Chapter 3, §5] of π gives h1(π∗(OF2(dH + (2d − 1)F )) = 0.
Hence h1(OF2(dH + (2d− 1)F )) = 0.
Since RA ∼= P1 and A is a zero-dimensional scheme of degree d, ORA(dH +2dF )
has degree d and so h0(RA, IA,RA(dH + 2dF )) = 1. Thus W ∈ |IA(dH + 2dF )|
containing RA are of codimension one. Therefore, the general W does not contain
RA, which implies that the image η(W ) does not intersect Rq outside Z.
The divisorOF2((d−1)H+(2d−1)F ) is very ample. SinceH∪RA∪G ∈ |IA(dH+
2dF )| for all G ∈ |OF2(d − 1)H + (2d − 1)F )|, the linear system |IA(dH + 2dF )|
induces an embedding outside H ∪RA. By a characteristic free version of Bertini’s
theorem for embeddings of quasi-projective varieties [5, Th. 6.3, (3)], a general
W ∈ |IA(dH + 2dF )| is smooth outside H ∪RA.
11
We only need to check that a general W is smooth at q = η−1(p), the support
of A. Since smoothness at q is an open condition, it is sufficient to exhibit a
W ′ ∈ |IA(dH + 2dF )| that is smooth at q: take W ′ = G ∪ H ∪ RA with G ∈
|OF2((d − 1)H + (2d − 1)F )| and q /∈ G; it is possible to choose such a G as
OF2((d− 1)H + (2d− 1)F ) is very ample and in particular base-point free.
Moreover, H ∩W = ∅ for a general W ∈ |IA(dH +2dF )|, as h0(OF2((d− 1)H +
2dF )) < h0(OF2(dH +2dF )) and one has zero intersection index between the two:
W ·H = (dH + 2dF ) ·H = dH2 + 2dF ·H = −2d+ 2d = 0. 
Example 4.7. LetX ⊂ P3 be the canonical model of a smooth and non-hyperelliptic
curve of genus 4. It is known that X is the complete intersection of an integral
quadric C and a cubic surface; moreover, such C is smooth if and only if X has two
different g13 ’s (in this case the g
1
3 ’s are induced by the two rulings of C), whereas if
C is a quadric cone with vertex v, then v /∈ X and X has set-theoretically a unique
g13. This g
1
3 is induced by the linear projection from v; see [6, §4]. The case C
smooth is the one described in Proposition 4.1 with X = Y and d1 = d2 = 3. By
Proposition 4.1 and Proposition 4.3, we obtain that X has a cuspidal projection if
all the g13 on X have a total ramification point, i.e., 3p ∈ g
1
3 for some p ∈ X . The
converse holds if we only consider projections from points of the quadric surface
containing X . Furthermore, [10, Theorem 2] gives a different and stronger result:
the canonical model of a general curve of genus 4 has no cuspidal projections.
In the case of char(k) = 0, we may obtain many singular curves Y by Proposition
4.1 and Proposition 4.5, with X being the normalization of such Y . Thus we cover a
larger set of pairs (deg(Y ), ρa(X)) of curves having an injective and separable non-
complete g2d which cannot occur from the work of Piene [10], since in her setting
the smooth curve X is required to be embedded in P3.
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